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Abstract
First, we study the relation between the zeros of random polynomials Rn+1 and the zeros and poles of their
Pad%e approximants [n=n]Rn+1 . Next, we consider the distribution of zeros and poles of Pad%e approximants to
the geometric series perturbed by a random polynomial noise. We observe numerically interesting connections
between two above problems. Some numerical observations on the Froissart doublets have been also made.
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1. Introduction
About 30 years ago Marcel Froissart observed that the Pad%e approximants to a power series
perturbed by random noise are characterized by some zeros and poles unusually located in the
vicinity of the unit circle. Each such zero was accompanied by a pole at the distance proportional
to the scale of the noise, forming the so-called Froissart doublets. Froissart experiments and the
critical analysis of the interpretation of Froissart phenomenon in terms of quasianalytic functions are
presented in [3, pp. 306–313]. Conversely, the presence of Froissart doublets in Pad%e approximant
reveals the presence of some noise in the considered series. The great interest to this problem is
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due to the important practical interest in the Gltering of noise from the given signal [2]. Essential
progress in the understanding of the Froissart phenomenon has recently been made in [6,2,4,5,1],
however, some of its aspect remain mysterious.
The presented contribution concerns the restricted Froissart problem, i.e., the problem where the
noise is represented by a truncated power series, that is by a polynomial. We study the relation
between the zeros of this polynomial and the position of the Froissart doublets. In this note, we
present a new approach to this problem. We simplify the noise representation, and, instead of a power
series noise 
∑∞
k=0 ckz
k we consider polynomial noise. At Grst we consider the simplest problem
on the distribution of zeros and poles of Pad%e approximant [n=n] to a polynomial of degree n + 1.
Some numerical experiments with the help of Maple had an essential inIuence on our vision of this
problem. We consider also the restricted Froissart problem, that is the problem of distribution of zeros
and poles of Pad%e approximants [n+1=n+1] to a perturbed geometric series 1=(1−z)+∑n+1k=0 ckzk ,
where the random coeJcients ck are uniformly distributed on the interval [ − 1; 1]. The eKect of
noise, represented by such an inGnite series was studied in [4]. The above random polynomial is a
simple analog of a power perturbation and we expect that this simple model will lead to a better
understanding of the general Froissart problem. Note that our theoretical estimations (Section 2.3)
have good agreement with the numerical calculations.
2. Problems and calculations
2.1. Problems
Consider the algebraic polynomial Rn+1 of degree n+1. We may assume that Rn+1(z)=cn+1
∏n+1
k=1
(z − rk). We want to Gnd the Pad%e approximant 
Nn=Dn to this polynomial and investigate the zero
distribution properties of Nn and Dn. Let us write the polynomials Nn and Dn in the canonical forms
Nn(z) =
n∏
k=1
(z − nk); Dn(z) =
n∏
k=1
(z − dk):
The deGnition of Pad%e approximant [n=n] and simple calculations lead to the following relation:
n∏
k=1
(z − dk)
n+1∏
k=1
(z − rk) = z2n+1 + a
n∏
k=1
(z − nk); a= 
=cn+1: (1)
Problem A. Find the connection between the distributions of the zeros rk of the given polynomial
Rn+1 and the distribution of the zeros nk and the poles dk of the Pad%e approximant [n=n]Rn+1 .
Let us consider now the restricted Froissart problem. This problem concerns [n + 1=n + 1] Pad%e
approximant to the partially perturbed geometric series f(z)=1=(1− z)+ ∑n+1n=0 ckzk , where ck are
uniformly distributed on [− 1; 1]. Our analysis starts from the following working hypothesis:
[n+ 1=n+ 1]f(z) :=
Nfn+1(z)
Dfn+1(z)
≈ 1
1− z + 

Nn(z)
Dn(z)
; (2)
where 
Nn=Dn is the [n=n] Pad%e approximant to Rn+1. Our numerical experiments will show that this
hypothesis is, curiously, not so bad.
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Fig. 1. Typical distribution of the zeros of the choosen polynomial Rn+1 ≡ R15 in the case C. In particular
r15 =−1:52; r13 = 0:144− 1:202i; r14 = 0:144 + 1:202i and n = |r14=r15|= 1:21=1:52¡ 1.
Problem B. What can we say about the location of zeros of Nfn+1 and D
f
n+1?
2.2. Problem A: numerical experiments and informal consideration
First of all, note that we must consider two diKerent situations, which are connected with the
diKerent behaviour of the largest roots of Rn+1. Suppose that all roots are ordered by increasing
absolute values: |r1|6 |r2|6 · · ·6 |rn+1|. Put
j := |rj=rn+1|; j = 1; : : : ; n:
There are two diKerent cases:
Case C: n ¡ 1.
Case D: n = 1.
In this note, we restrict our analysis only to case C; case D being much more complicated.
Let us reproduce now some facts observed in numerical experiments. Consider case C with typical
distribution of the roots (see Fig. 1).
Observation 1. Roots of numerators of [n=n]Rn+1 are closely connected with the roots of Rn+1: nk ≈
rk , k = 1; : : : ; n (see Fig. 2).
We shall give some naive explanation of this observation. The Pad%e approximation is the approx-
imation of a function near the origin. The value of z2n+1 near the origin is small. From (1) we
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Fig. 2. Distributions of the zeros rj of the polynomial R15 from Fig. 1 and of the zeros nj of Pad%e approximant 
N14=D14
to R15. In the Ggure r1; : : : ; r12 and n1; : : : ; n12 coincide, (r13; n13) and (r14; n14) are represented by double points. These
points correspond to maximal absolute values of the diKerences j = rj − nj: |13|= |14|= |0:028− 0:012i|=0:035, which
agrees with theoretical estimate maxj|j − 29j F(j)|¡ 0:004 obtained in Section 2.3.
conclude that
n∏
k=1
(z − rk) ≈ a
∏n
k=1 (z − nk)
(z − rn+1)
∏n
k=1 (z − dk)
; |z|¡ 1 (3)
and
nk ≈ rk ; for |rk |¡ 1: (4)
Relation (4) is true also for other values of ni (Section 2.3 contains the analysis of numerical errors
|rk − nk |). Motivated by (3), one may assume that
n∏
k=1
(z − rk) ≈
n∏
k=1
(z − nk)
and
(z − rn+1)
n∏
k=1
(z − dk) ≈ a:
This result is also in good agreement with the numerical experiments and means that
(z − rn+1)
n∏
k=1
(z − dk) ≈ zn+1 + a= zn+1 − rn+1
n∏
k=1
(−dk)
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Fig. 3. Distribution of the poles of Pad%e approximant 
N14=D14 to R15. The radius of the ‘circle’ is close to the value of
|r15|= 1:52.
is near constant a = −rn+1
∏n
1 (−dk) for d1; : : : ; dn; rn+1 uniformly distributed on the circle and
small z.
Observation 2. The values d1; : : : ; dn; rn+1 are uniformly distributed on the circle of radius  ≈
|rn+1| ≈ |a|1=(n+1) (see Fig. 3).
Note that the value of |a|1=(n+1) ≈ |rn+1| is connected with the main coeJcient of Rn+1: Rn+1(z)=
cn+1zn+1 +Rn(z). If this coeJcient is small, we have the unstable situation and |a| is big. The other
interesting case relates to the polynomial Rn+1(z) = zn+1 − 1. The direct evaluation leads to the
following equality: dk = nk = 0, k = 1; : : : ; n and, obviously, the Pad%e approximant [n=n]Rn+1 =−1.
So, we have two extreme distributions of zeros. In both cases, this leads to an unstable situation,
when  tends to ∞ or to 0.
Remark. The main diJculty in case D is the nonregular distribution of zeros of [n=n]Rn+1 . In this
case, the property nk ≈ rk does not hold.
2.3. Problem A: some calculations and estimates
Here we consider only case C. Let us put in (1)
z = rj; j = 1; : : : ; n+ 1:
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We obtain the following equations:
r2n+1j + a
n∏
k=1
(rj − nk) = 0; j = 1; : : : ; n+ 1
or explicitly
a=− r
2n+1
j∏n
k=1 (rj − nk)
; j = 1; : : : ; n+ 1:
In particular, for j = n+ 1, we have
|a|=
∣∣∣∣∣
r2n+1n+1∏n
k=1 (rn+1 − nk)
∣∣∣∣∣ :
Further, for j = 1; : : : ; n, we can write
∣∣∣∣
rj
rn+1
∣∣∣∣
2n+1
= 2n+1j =
∏n
k=1 |rj − nk |∏n
k=1 |rn+1 − nk |
:
The small diKerence k between the zeros rk of given polynomial Rn+1 and the zeros nk of the
numerator of its Pad%e approximant [n=n], k := |rk − nk |, may be estimated in the following way:
2n+1j = j
∏n
k=1(k =j) |rj − rk + k |∏n
k=1 |rn+1 − rk + k |
≈ j
∏n
k=1(k =j) |rj − rk |∏n
k=1 |rn+1 − rk |
:
The result can be rewritten in the following form:
j ≈ 2n+1j F(j); j = 1; : : : ; n;
where
F(j) :=
∏n
k=1 |rn+1 − rk |∏n
k=1(k =j) |rj − rk |
:
2.4. Some remarks on problem B (case C)
There are two experimental observations (see Fig. 4).
Observation 3. Let d1(f); : : : ; dn+1(f) be the zeros of D
f
n+1 from (2) and d2; : : : ; dn+1 be the zeros
of Dn from (2). Then
d1(f) = 1; dk(f) ≈ dk + d-error; k = 2; : : : ; n+ 1:
Observation 4. If n1(f); : : : ; nk+1(f) be the zeros of N
f
n+1 from (2), then
nk(f) ≈ dk(f); k = 2; : : : ; n+ 1 (Froissart doublets) and 0n1(f)∈R:
At the moment, we do not have a good explanation of Observations 3 and 4. It is interesting to
obtain some estimates for the value of the d-error, but, probably, it is not an easy task.
J. Gilewicz, Y. Kryakin / Journal of Computational and Applied Mathematics 153 (2003) 235–242 241
–1
–0.5
0.5
1
–1 –0.5 0.5 1
Fig. 4. Illustration of Observations 3 and 4. Froissart doublets of Pad%e approximant [15=15] to f(z) = 1=(1 − z)+
R15(z): nj(f) ≈ dj(f); j=2; : : : ; 15, (|nj(f)−dj(f)|¡ 10−13), d1 ≈ 1 can be compared to the poles of Pad%e approximant
[14=14] to the pure noise R15 presented in Fig. 3.
2.5. Struggle with noise: practical recommendations
The previous considerations show that there is a connection between the zeros of the polynomial
Rn+1, the zeros and poles of its Pad%e approximant [n=n]Rn+1 , and the zeros and poles of Pad%e ap-
proximant [n + 1=n + 1]f, where f(z) = 1=(1 − z) + Rn+1(z) is a function 1=(1 − z) perturbed by
a polynomial noise Rn+1(z). Then, if we wish to “push” the poles of [n=n]f away the origin, we
must to “push” the zeros of Rn+1 away the unit circle. Our idea is to add an adequate function to
the noise, for instance to replace Rn+1 by
Tn+1(z) := Rn+1(z)− z = [(cn+1zn − −1)z + cnzn + · · ·+ c1z + c0]; ck ∈ [− 1; 1]:
The main part of Tn+1(z) is (cn+1zn − −1)z, which allow to conclude that the zeros of Tn+1 are
uniformly distributed on the “circle” of radius r ≈ −1=n except for one zero located near the origin.
In this case the poles dj(f∗) of [n=n]Tn+1 are distributed in the vicinity of the same circle. The Pad%e
approximant [n+ 1=n+ 1]f∗ , where f
∗(z) := 1=(1− z) + Tn+1(z), have one pole ≈ 1, and n poles
dj(f∗) ≈ dj(Tn+1) (see Fig. 5, where = 10−n).
In numerical applications of Pad%e approximations one needs to use the Pad%e approximant free of
the poles in the working region. Our considerations show that this is possible if we modify the noise
function.
Probably this remark could be useful for analysis of distributions of zeros and poles in more
general cases.
The proposed strategy may be the following. We recommend to add to a function f, which
perturbed by some noise, the appropriate simple function g (for example we may choose g(z)=−z).
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Fig. 5. Struggle with noise. Zeros of modiGed noise T15(z) := R15(z)− z (one ≈ 0 and 14 simple points on the small
circle), poles of Pad%e approximant to the noise [14=14]T15 (double black points on the small circle) and poles of [15=15]f∗ ,
f∗(z) = 1=(1− z) + T15(z) (z = 1 and the double points on the small circle). Zeros of [14=14]T15 : z = 0 and 13 points
on the big circle. Here  = 10−14.
After that we compute the Pad%e approximant to (f + g) which have well distributed zeros and
poles. And in the last step we remove g from this Pad%e approximant to obtain a good rational
approximation of f.
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